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Abstract
In this paper, we study the generalized solution of the ﬁrst initial boundary value
problem for the parabolic Monge–Ampe`re equation ut det D2u ¼ f ðx; tÞ in Q ¼
O ð0; T ; u ¼ jðx; tÞ on @pQ: We ﬁrst get the Ho¨lder continuity of the generalized
solution in t; and then obtain the generalized solution in case f ðx; tÞ ¼ 0; which
improve the assumptions in the existence of generalized solution in (J. Partial
Differential Equations 14(2) (2001) 149).
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1. Introduction
In the present paper, we study a class of functions whose element, uðx; tÞ;
is continuous in the domain of its deﬁnition, and u is convex in x; decreasing
in t: This kind of function is the so-called convex-monotone function we
discuss.
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It is well known that the Dirichlet problem of elliptic type Monge–
Ampe`re equation det D2w ¼ gðxÞ in O; w ¼ cðxÞ on @O has a unique
solution in the Aleksandrov generalized sense, where O is a bounded strictly
convex domain in Rn; gðxÞ is a nonnegative integrable function and
cACð@OÞ (one can see this result in [1,2,8] and see the regularity in [6]).
Correspondingly, in the parabolic case, we have obtained in [3–5] that the
ﬁrst initial boundary value problem of parabolic type Monge–Ampe`re
equation
ut det D2u ¼ f ðx; tÞ in Q ¼ O ½0; TÞ; ð1:1Þ
u ¼ jðx; tÞ on @pQ ð1:2Þ
(where O is a bounded convex set in Rn; D2u denotes the Hessian of u) has a
unique generalized solution under the condition that f ðx; tÞ is nonnegative
bounded measurable and some assumptions of O; f and j; where the
deﬁnition of generalized solution comes from [10]. For convenience, we
iterate this deﬁnition.
Deﬁnition 1.1. Legendre transformation Lu determined by u:
Lu : ðx; tÞAQ-ðp; hÞAR
n  R;
pAruðx; tÞ; h ¼ p 	 x  uðx; tÞ;
ð1:3Þ
gives a measure on Q
ouðEÞ ¼ jLuðEÞjðnþ1Þ 8 Borel set ECQ;
where j 	 jðnþ1Þ denotes the Lebesgue measure in R
nþ1; uðx; tÞ is the convex-
monotone function, i.e. convex in x and decreasing in t; ru is the gradient
mapping of u in x: If ou is absolutely continuous and can be presented by a
measurable function f ; i.e. for all Borel set ECQ; we have
ouðEÞ ¼ jLuðEÞjðnþ1Þ ¼
Z
E
f dx dt:
Then convex-monotone function uACðQÞ is said to be a generalized solution
of (1.1).
uACð %QÞ is said to be a generalized solution of (1.1) (1.2), if it is a
generalized solution of (1.1) and u ¼ j on @pQ:
We know that w is a convex function deﬁned on the convex domain O and
u is a convex-monotone function deﬁned on Q: The generalized solutions of
the above two problems separately, w and u; are both bounded on the
domains of their deﬁnition (for example, see [1,7]). Naturally, the convex
function is local Lipschitz continuous, i.e. wAC0þ1loc ðOÞ and this property
does not depend on the fact that it is the generalized solution. By the
relations of the regularity of solutions of elliptic and parabolic equations, we
hope that uAC
0þ1;0þ1
2
loc ðQÞ holds naturally. But in fact, it is not true. The only
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thing we can obtain naturally is that u is locally Lipschitz continuous in x
because of the convexity in x: We cannot expect that the monotone function
has the same good properties as the convex function.
On the other hand, we can construct a convex-monotone function which
is not Ho¨lder continuous in t with any index by constructing a monotone
function f ðtÞ which is not Ho¨lder continuous with any index, then let
uðx; tÞ ¼ f ðtÞ:
Example. We will use function yðxÞ ¼ ð1 x2Þ
1
m; xA½0; 1 which is not
Ho¨lder continuous with index a > 1
m
to construct the example.
Let Ek ¼ ½1 12k1; 1
1
2k
Þ; and
f1ðtÞ ¼
1
2
1
t
21
 2 12
þ
1
2
E1
f2ðtÞ ¼
1
22
1
t  21
22
 2" #13
þ
1
22
E2
^ ^
fkðtÞ ¼
1
2k
1
t  2ðk1Þ
2k
 2" # 1kþ1
þ
1
2k
Ek
^ ^
then
f ðtÞ ¼
XN
k¼1
1
2k
1
t  2ðk1Þ
2k
 2" # 1kþ1
þ
1
2k
2
64
3
75 	 wEk ; f ð1Þ ¼ 0
is a continuous function in ½0; 1; but not Ho¨lder continuous with any index.
So the example we want is uðx; tÞ ¼ f ðtÞ; ðx; tÞAB1ð0Þ  ½0; 1; where B1ð0Þ
is the unit ball.
However, as the generalized solution of (1.1) (1.2), whether u is Ho¨lder
continuous in t or not depends on the Ho¨lder continuity of j in t which we
will discuss in the following two sections. In Section 2, we prove that if j is
Ho¨lder continuous in t; then u is Ho¨lder continuous in t: In Section 3, we
obtain the existence of generalized solution of ut det D2u ¼ 0 in Q; u ¼ j
on @pQ by the construction method, and consequently arrive that if j is not
Ho¨lder continuous in t with any index, then the solution of ut det D2u ¼ 0
in Q; u ¼ j on @pQ is not Ho¨lder continuous in t with any index. In Section
4, by the results obtained in Section 3, we improve the conditions in the
existence theorem in [4], where the assumption is the existence of a
generalized supersolution.
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One can ﬁnd the background and related results of problem (1.1) (1.2) in
[3–5].
2. Ho¨lder continuity in t
Next we will use the method of Proposition 2.1 in [7] to prove the Ho¨lder
continuity in t of the generalized solution of problem (1.1) (1.2), which is the
substantial obstacle in the proof of existence of the generalized solution in
our papers [3–5]. Here, in the next theorem, we only require that fALp with
p > 1:
For convenience, we ﬁrst list the following proposition which describes
some invariant properties of Legendre transformation. One can ﬁnd the
proof in our papers [4,5] or [3].
Proposition 2.1. u is a convex-monotone function, x0AO; p0AR
n; %uðx; tÞ ¼
uðx; tÞ þ p0 	 ðx  x0Þ; u˜ðx  x0; tÞ ¼ uðx; tÞ; then 8 Borel set ECQ; we have
L %uðEÞ ¼LuðEÞ þ ðp0; p0 	 x0Þ; o %uðEÞ ¼ ouðEÞ;
ouðEÞ ¼ ou˜ðE  ðx0; 0ÞÞ:
Theorem 2.1. If u is the generalized solution of (1.1) (1.2), f ðx; tÞALpðQÞ ðp >
1Þ; jð	; tÞACað½0; T Þ; ðaAð0; 1Þ; i.e.
j ðx; t1Þ  jðx; t2ÞjpCjjt1  t2ja; xA@O; t1; t2A½0; T :
Then
juðx; t1Þ  uðx; t2ÞjpCjt1  t2jb; xAO; t1; t2A½0; T :
where C ¼ Cðn; d; Cj; jjf jjLpÞ; b ¼ minfa;
1
ðnþ1Þqg;
1
p
þ 1
q
¼ 1; d is the diameter
of O:
Proof. 8x0AO; 8t1; t2A½0; T ; t1ot2; let P1ðxÞ be the supporting hyperplane
of uðx; t1Þ at x0; then 8xA %O; P1ðxÞpuðx; t1Þ: Let infxA@Ojðx; t2Þ ¼ jðx2; t2Þ;
x2A@O; suppose P2ðxÞ is a hyperplane parallel to P1ðxÞ and P2ðx2Þ ¼
uðx2; t2Þ ¼ jðx2; t2Þ; then we have two cases:
Case 1: uðx0; t2ÞXP2ðx0Þ; then
0p uðx0; t1Þ  uðx0; t2Þpuðx0; t1Þ P2ðx0Þ
¼P1ðx2Þ P2ðx2Þpjðx2; t1Þ  jðx2; t2ÞpCjjt1  t2ja:
Case 2: uðx0; t2ÞoP2ðx0Þ: Let %uðx; tÞ ¼ uðx; tÞ P2ðx0Þ; PP2 ¼ fðx; tÞAO
ðt1; t2 j upP2g; then %up0 in PP2 : Let M ¼ supPP2 j %uj ¼ %uðx
n; tnÞ: Make
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another transformation, u˜ðx  xn; tÞ ¼ %uðx; tÞ: It can be proved that
D ¼fðp; hÞ : jpjpM
d
; d jpjohoMg
CA ¼ fðp; hÞ : jpjpM
d
;L1u˜ ðp; hÞAPP2  ðx
n; 0ÞgCLu˜ðPP2  ðx
n; 0ÞÞ:
The latter inclusion relation is obvious. It remains to prove DCA:
8ðp; hÞAD; consider hyperplane H ¼ p 	 x  h;
u˜ð0; tnÞ ¼ Mo h ¼ Hð0; tnÞ;
u˜ðx; tÞ ¼ 0 > Hðx; tÞ on @pðPP2  ðx
n; 0ÞÞ:
So H must be in contact with u˜ in PP2  ðx
n; 0Þ; let ðy; tÞ be the point that
makes t the minimum in the contact set, then
Lu˜ðy; tÞ ¼ ðp; hÞAA:
By Proposition 2.1, we haveZ
LuðOðt1;t2Þ
dp dhX
Z
LuðPP2 Þ
dp dhX
Z
Lu˜ðPP2ðx
n;0ÞÞ
dp dh
X jDj ¼
sn
nðn þ 1Þ
Mnþ1dn;
i.e.
supðP2ðxÞ  uðx; t2ÞÞ ¼ Mp
jD12j
sn
nðn þ 1Þdn
  1
nþ1
;
where
jD12jp
Z
LuðOðt1;t2Þ
dp dh ¼
Z
Oðt1;t2
f dx dt:
By Ho¨lder inequality, we haveZ
Oðt1;t2
f dx dtpjjf jjLpðjOj 	 jt1  t2jÞ
1
q;
1
p
þ
1
q
¼ 1:
Then
supðP2ðxÞ  uðx; t2ÞÞpCðnÞjjf jj
1
nþ1
Lp d
n
nþ1þ
n
ðnþ1Þqjt2  t1j
1
ðnþ1Þq:
So, we have
0p uðx0; t1Þ  uðx0; t2ÞpP1ðx0Þ P2ðx0Þ þP2ðx0Þ  uðx0; t2Þ
pCjt1  t2ja þ supðP2ðxÞ  uðx; t2ÞÞpCjðjt1  t2ja þ jt1  t2j
1
ðnþ1ÞqÞ
pCjt1  t2jb;
where C ¼ Cðn; d; Cj; jjf jjLpÞ; b ¼ minfa;
1
ðnþ1Þqg: &
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3. Existence of the generalized solution of the ﬁrst initial boundary value
problem (1.1) (1.2) with f ðx; tÞ ¼ 0
By a reasonable conjecture, the generalized solution of (1.1) (1.2) with
vanishing right-hand side should be the convex-monotone hull of the initial
boundary value jðx; tÞ: In the next theorem, we actually validate this
conjecture.
Theorem 3.1. If O is a bounded strictly convex domain in Rn; jðx; tÞ is a
continuous function defined in @pQ; and jðx; 0Þ convex in x; jðx0; tÞ decreasing
in t with x0A@O; then there is a unique convex-monotone function UACð %QÞ
that satisfies Ut det D2U ¼ 0 in Q; U ¼ j on @pQ in the generalized sense,
where
Uðx; tÞ ¼ supflðxÞ affine and lðxÞpjðx; 0Þ in O;
lðxÞpjðx; tÞ on @Og ðx; tÞA %Q: ð3:1Þ
Remark 3.1. With this theorem, we can see that if jðx; tÞ ¼ uðx; tÞ in @pQ
where uðx; tÞ comes from the example and Q ¼ B1ð0Þ  ð0; T ; then Uðx; tÞ ¼
uðx; tÞ in Q is the generalized solution of Ut det D2U ¼ 0 and it is not
Ho¨lder continuous in t with any index.
Before giving the proof of Theorem 3.1, we list a lemma which is related
to the uniqueness of the generalized solution of (1.1) (1.2) and obtain a
comparison principle which we will need in the proof of Theorem 3.1. One
can see the proof of the lemma in our papers [3,5], or [4].
Lemma 3.1. u1; u2ACðQÞ are two continuous convex-monotone functions and
there exists an open set GCQ such that u1 > u2 in G; u1 ¼ u2 on @G\ft ¼ Tg:
Let T1 ¼ infftjðx; tÞAGg; T2 ¼ supftjðx; tÞAGg; then 8t0AðT1; T2Þ we have
Lu1 ðG-ftpt0gÞCLu2 ðG-ftpt0gÞ; ð3:2Þ
and
ou1 ðG-ftpt0gÞoou2 ðG-ftpt0gÞ: ð3:3Þ
Corollary 3.1 (Comparison principle of generalized solutions). Suppose
uðx; tÞ; vðx; tÞACð %QÞ satisfy
ut det D2u ¼ f ðx; tÞ Q
u ¼ jðx; tÞ @pQ
and
vt det D2v ¼ gðx; tÞ Q
v ¼ cðx; tÞ @pQ
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separately in the generalized sense, where f and g are two nonnegative
integrable functions defined on Q, j and c are continuous convex-monotone
functions defined on @pQ; then the following conclusions are right:
(i) If fXg in Q; then
sup
Q
ðu  vÞp sup
@pQ
ðj cÞ: ð3:4Þ
(ii) If f ¼ g in Q; then
sup
Q
ju  vjp sup
@pQ
j  cj: ð3:5Þ
(iii) If fXg in Q and jpc on @pQ; then
uðx; tÞpvðx; tÞ: ð3:6Þ
Proof. Let sup@pQðj cÞ ¼ Z: If (3.4) does not hold, then (ðx0; t0ÞAQ such
that ðuðx0; t0Þ  vðx0; t0ÞÞ > Z: Thus, on the one hand,
uðx0; t0Þ > vðx0; t0Þ þ Z;
on the other hand,
uðx; tÞ ¼ jðx; tÞpcðx; tÞ þ Z ¼ vðx; tÞ þ Z; on @pQ:
Note that u; vACð %QÞ: Now there exists an open set OCQ such that
uðx; tÞ > vðx; tÞ þ Z in O
uðx; tÞ ¼ vðx; tÞ þ Z on @O\ft ¼ Tg:
Let T1 ¼ infftjðx; tÞAOg; T2 ¼ supftjðx; tÞAOg; then from Lemma 2.1,
8t0AðT1; T2Þ; we haveZ
O-ftpt0g
f dx dt ¼ouðO-ftpt0gÞoovþZðO-ftpt0gÞ
¼ovðO-ftpt0gÞ ¼
Z
O-ftpt0g
g dx dt;
which contradicts fXg: Thus, (3.4) holds. (3.5) and (3.6) hold similarly. &
Proof of Theorem 3.1. We separate our proof into two parts.
Part I: Prove U ¼ jðx; tÞ on @pQ and UACð %QÞ:
At ﬁrst, we assert that 8t1; t2A½0; T ; the following inequality holds:
sup
xAO
jUðx; t1Þ  Uðx; t2Þjp sup
xA@O
j ðx; t1Þ  jðx; t2Þj: ð3:7Þ
8xnAO; without loss of generality, let t2ot1:
If Uðxn; t1Þ ¼ jðxn; 0Þ; then Uðxn; t2Þ ¼ jðxn; 0Þ by the fact that j is
decreasing in t and the deﬁnition of U (3.1). So we have
jUðxn; t1Þ  Uðxn; t2Þj ¼ 0p sup
xA@O
j ðx; t1Þ  jðx; t2Þj:
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If Uðxn; t1Þajðxn; 0Þ: (Let Ot ¼ fxAO: Uðx; tÞ ¼ jðx; 0Þg; obviously
Ot1COt2 by (3.1).)
Note, we have the following facts: (we prove it using the idea of Theorem
2.8 in [9])
jrUðx; t1ÞðeÞjðnÞ ¼ 0 8 Borel eCO\O
t1 : ð3:8Þ
In fact, by the Aleksandrov lemma, (3.8) is equivalent to 8pA
rUðx; t1ÞðO\Ot1 Þ; (x1; x2AO\Ot1 with x1ax2 such that pArUðx; t1Þ
ðx1Þ and pArUðx; t1Þðx2Þ: Let p be as above, (x0AO\Ot1 ; such that
Lðx0;t1Þðx; t1Þ ¼ Uðx0; t1Þ þ pðx  x0Þ is the supporting plane of Uðx; t1Þ at
x0; then (x˜A@O,@Ot1 ; such that when x˜A@O; Lðx0;t1Þðx˜; t1Þ ¼ jðx˜; t1Þ; when
x˜A@Ot1 ; Lðx0;t1Þðx˜; t1Þ ¼ jðx˜; 0Þ; otherwise (e > 0 such that
Lðx0;t1Þðx; t1Þ þ epjðx; t1Þ on @O;
Lðx0;t1Þðx; t1Þ þ epjðx; Þ in O:
These contradict (3.1). Also note that Lðx0;t1Þðx; t1Þ is afﬁne, Uðx; t1Þ is
convex, we have Lðx0;t1Þðx; t1Þ ¼ Uðx; t1Þ on the line segment l which connect
x0 and x˜; or pArUðx; t1Þ; 8xAl: Thus, (3.8) has been proved.
For all supporting planes of Uðx; t1Þ at xn; Lðxn;t1Þ; we use the notation
GLðxn ;t1 Þ ¼ fxAO: Lðxn;t1Þðx; t1Þ ¼ Uðx; t1Þg
to represent the contact set, obviously xnAGLðxn ;t1 Þ ; GLðxn ;t1 Þ is a convex subset
in Rn; and from the proof of (3.8) we know that there exist at least one
x1AGLðxn ;t1 Þ-ð@O,@O
t1 Þ:
If there exist x1AGLðxn ;t1 Þ-ð@O
t1,@OÞ; x2AGLðxn ;t1 Þ-@O; such that x1; x2
and xn are on the same line. We should discuss the following two cases:
Case 1: x1AGLðxn ;t1 Þ-@O
t1 ; x2AGLðxn ;t1 Þ-@O: We have Uðx1; t1Þ ¼ jðx1; 0Þ;
Uðx2; t1Þ ¼ jðx2; t1Þ: For all supporting planes of Uðx; t2Þ at xn; Lðxn ;t2Þ; by
the fact that Ot1COt2 ; we get
Uðxn; t2Þ  Uðxn; t1Þ ¼Lðxn ;t2Þðx
n; t2Þ  Lðxn;t1Þðx
n; t1Þ
pLðxn ;t2Þðx2; t2Þ  Lðxn ;t1Þðx2; t1Þ
pjðx2; t2Þ  jðx2; t1Þ:
Case 2: x1; x2AGLðxn ;t1 Þ-@O: We have Uðx1; t1Þ ¼ jðx1; t1Þ; Uðx2; t1Þ ¼
jðx2; t1Þ: For all supporting planes of Uðx; t2Þ at xn; Lðxn ;t2Þ; we get
Uðxn; t2Þ  Uðxn; t1Þ
¼ Lðxn ;t2Þðx
n; t2Þ  Lðxn ;t1Þðx
n; t1Þ
pmaxfLðxn;t2Þðx2; t2Þ  Lðxn ;t1Þðx2; t1Þ; Lðxn ;t2Þðx1; t2Þ  Lðxn;t1Þðx1; t1Þg
pmaxfjðx2; t2Þ  jðx2; t1Þ; jðx1; t2Þ  jðx1; t1Þg
p sup
xA@O
ðjðx; t2Þ  jðx; t1ÞÞ:
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We denote the set of all supporting planes of Uðx; t1Þ at xnAO\Ot1 by
I ¼ fLðxn ;t1Þg:
8Lðxn;t1ÞAI ; if x
n lies in the interior of the convex set GLðxn ;t1 Þ in R
n; then
Lðxn ;t1Þ is the unique element in I ; i.e. Lðxn ;t1Þ is the unique supporting plane of
Uðx; t1Þ at xn; so there exists at least n þ 1 points fxig
nþ1
i¼1C
ð@O,@Ot1Þ-GLðxn ;t1 Þ ; which determine an n-simplex fx1; x2;y; xnþ1g with
xnAfx1; x2;y; xnþ1g (simplex is an open set in R
n). Otherwise, there exists a
strict convex point %xAO\Ot1 of GLðxn ;t1Þ ; and a set eCO\O
t1 which contains %x
such that jrUðx; t1ÞðeÞjðnÞ > 0; which contradicts (3.8).
Let lx˜;xˆ be the straight line determined by points x˜ and xˆ: Notice
xnAfx1; x2;y; xnþ1g: We introduce the following points:
lx1;xn0-fx2; x3;y; xnþ1g ¼ x
n
1 ;
lx2;xn1-fx3;y; xnþ1g ¼ x
n
2 ;
^
lxn1;xnn2-fxn; xnþ1g ¼ x
n
n1;
where xn0 ¼ x
n:
Let Lðxn
i
;t2Þ be the supporting plane of Uðx; t2Þ at x
n
i (0pipn  1), then
Uðxni ; t2Þ  Uðx
n
i ; t1Þ
¼ Lðxn
i
;t2Þðx
n
i ; t2Þ  Lðxn ;t1Þðx
n
i ; t1Þ
pmaxfLðxn
i
;t2Þðx
n
iþ1; t2Þ  Lðxn ;t1Þðx
n
iþ1; t1Þ;
Lðxn
i
;t2Þðxiþ1; t2Þ  Lðxn ;t1Þðxiþ1; t1Þ; 0g
pmaxfUðxniþ1; t2Þ  Uðxniþ1; t1Þ;jðxiþ1; t2Þ  jðxiþ1; t1Þg; ð3:9Þ
where xnn ¼ xnþ1: If xiA@O
t1 ; then jðxi; t2Þ ¼ jðxi; t1Þ ¼ jðxi; 0Þ: By (3.9), we
have
Uðxn; t2Þ  Uðxn; t1Þ
¼ Lðxn ;t2Þðx
n; t2Þ  Lðxn ;t1Þðx
n; t1Þ
pmaxfLðxn;t2Þðx1; t2Þ  Lðxn ;t1Þðx1; t1Þ; Lðxn ;t2Þðxn1 ; t2Þ
 Lðxn ;t1Þðx
n
1 ; t1Þ; 0g
pmaxfjðx1; t2Þ  jðx1; t1Þ; Uðxn1 ; t2Þ  Uðxn1 ; t1Þ; g
pmaxfjðx1; t2Þ  jðx1; t1Þ; jðx2; t2Þ  jðx2; t1Þ; Uðxn2 ; t2Þ
 Uðxn2 ; t1Þ; g
p ^
pmaxfjðx1; t2Þ  jðx1; t1Þ; jðx2; t2Þ  jðx2; t1Þ;y;jðxnþ1; t2Þ
 jðxnþ1; t1Þ; 0g
p sup
xA@O
ðjðx; t2Þ  jðx; t1ÞÞ:
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If xn lies on the boundary of GLðxn ;t1 Þ ; which is a convex set in R
n; then there
exists a subset of the boundary of GLðxn ;t1 Þ with Hausdorff dimension j
(1pjpn  1) such that xn lies in the interior of this set. Denote this set by l:
Similar to the above case, there exists j þ 1 points fxig
jþ1
i¼1 C
ð@O,@Ot1Þ-GLðxn ;t1 Þ ; x
nAfx1;y; xjþ1g: Otherwise, there exists eCO\Ot1
such that jrUðx; t1ÞðeÞjðnÞ > 0 which contradicts (3.8). Also similar to the
above estimate, we have
Uðxn; t2Þ  Uðxn; t1Þp sup
xA@O
ðjðx; t2Þ  jðx; t1ÞÞ:
By the arbitrariness of xn; (3.7) holds.
Second, we prove U ¼ j on @pQ and U is continuous on @pQ: By the
deﬁnition of U ; we have Uðx; 0Þ ¼ jðx; 0Þ in O: Obviously, Upj on @pQ;
and we only need to prove 8t1a0; UXj on @pQ-ft ¼ t1g ¼ @O ft ¼ t1g:
8yA@O; without loss of generality, we assume that y ¼ 0 and x1 is the
interior normal vector of @O at 0: (Here we let d small such that fx :
jxjodg-Ot1 ¼ |; otherwise by the continuity and monotonicity of j in t; we
have Uð0; t1Þ ¼ jð0; 0ÞXjð0; t1Þ:) By the continuity of j; 8e > 0; we have
(d > 0 such that for all jxjod and xA@O; j ðx; t1Þ  jð0; t1Þjoe holds. By the
strict convexity of @O; (Z > 0 is small such that %O-fx ¼ ðx1;y; xnÞ : x1oZg
is a subset of fx : jxjodg: Let M ¼ inffjðx1; 0Þ;jðx2; tÞ : x11XZ; x21XZ;
x1AO; x2A@Og: So the afﬁne function aðx; t1Þ ¼ ½jð0; t1Þ  e  Ax1;
AXmaxfðjð0; t1Þ  e MÞ=Z; 0g satisﬁes that að0; t1ÞXjð0; t1Þ  e and
aðx; t1Þpjðx; 0Þ in O; aðx; t1Þpjðx; t1Þ; xA@O: So we have UXa by (3.1),
specially we have Uð0; t1ÞXað0; t1Þ ¼ jð0; t1Þ  e: By the arbitrariness of e;
we have Uð0; t1ÞXjð0; t1Þ; then U ¼ j on @O ft ¼ t1g: Since the above
arguments hold for all t1Að0; T ; we have U ¼ j on @pQ:
Furthermore, if fxng is a class of points in O which converges to 0; then
lim infUðxn; tÞXlim inf aðxn; tÞ ¼ að0; tÞXjð0; tÞ  e:
By the arbitrariness of e > 0; lim inf Uðxn; tÞXjð0; tÞ: And by (3.1), we have
lim supUðxn; tÞpjð0; tÞ:
8t1; Uðx; t1Þ is continuous on @O; and notice the convexity of U in x; we have
the continuity of U in x:
So U is continuous in %Q by the fact that U is decreasing in t and (3.7)
holds.
Part II: Prove U satisﬁes the equation in the generalized sense.
By Deﬁnition 1.1, what we will do in this part is to get for all Borel set
ECCQ; oU ðEÞ ¼ 0:
Let Z0 > 0 satisfy ECQ2Z0 ¼ fðx; tÞAQ : distððx; tÞ; @pQÞ > 2Z0g:
Without loss of generality, we suppose jðx; tÞ is a continuous convex-
monotone function deﬁned in %Q: In fact, we can let jðx; tÞ ¼ Uðx; tÞ in Q by
the results we have obtained in Part I. Mollify such jðx; tÞ with standard
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smoothing technique, we obtain a class of smooth convex-monotone
functions jkðx; tÞ which converges uniformly to jðx; tÞ ¼ Uðx; tÞ in QZ0 :
Now we put our attention on a family of problems
ðUkÞt det D
2Uk ¼ 0 in QZ0 Uk ¼ jkðx; tÞ on @pQZ0 : ð3:10Þ
Assertion.
Ukðx; tÞ ¼ supflðxÞ affine and lðxÞpjkðx; 0Þ in OZ0 ;
lðxÞpjkðx; tÞ on @OZ0g
(where OZ0 ¼ QZ0-ft ¼ 0g) is the generalized solution of (3.10), i.e. for all
Q0CCQZ0 and for all Borel set eCQ
0; we have oUk ðeÞ ¼ 0 and Uk ¼ jkðx; tÞ
on @pQZ0 :
Uk ¼ jkðx; tÞ on @pQZ0 and UkACð %QZ0 Þ can be obtained similar to Part I.
Let e1 ¼ fðx; tÞAe : Ukðx; tÞ ¼ jkðx; 0Þg; e2 ¼ fðx; tÞAe : Ukðx; tÞa
jkðx; 0Þg; then e1; e2Ce and e ¼ e1,e2; e1-e2 ¼ |; where e1; e2 could be
empty sets. oUk ðe1Þ ¼ 0 is trivial.
We only need to prove
oUk ðe2Þ ¼ 0: ð3:11Þ
Let U
j
kðx; tÞ be the smooth approximation of Uk by standard mollifying
process, then fUjkg is a class of smooth convex-monotone function which
converges uniformly to Uk in Q
0: We note that (3.7) holds if we replace U by
Uk; j by jk and O by OZ0 ; we get (j0 > 1 such that
sup
e
@
@t
U
j
k

p sup
e
@
@t
jk

þ 1 8j > j0:
Let te21 ¼ infftjðx; tÞAe2g; t
e2
2 ¼ supftjðx; tÞAe2g; 8t0A½t
e
1; t
e
2: We want to
prove jrUkðe2-ft ¼ t0gÞjðnÞ ¼ 0: In fact, for all xAe2-ft ¼ t0g and a
supporting plane of Ukð	; t0Þ at x; Lðx;t0Þ; there exists yA@O such that
Lðx;t0Þðy; t0Þ ¼ jkðy; t0Þ; otherwise we can get a contradiction with the
deﬁnition of Uk and e2: Use the proof of Theorem 2.8 in [9], we know
that jrUkðe2-ft ¼ t0gÞjðnÞ ¼ 0:
Applying Aleksandrov lemma, note that U
j
k converges uniformly to Uk in
Q0; we have
jrUjkðe2-ft ¼ t0gÞjðnÞ-0; j-N 8t0A½te1; te2: ð3:12Þ
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Thus, (j1 > 0 such that when j > j1; it holds that
oUj
k
ðe2Þ ¼ jLUj
k
ðe2Þjðnþ1Þ ¼
Z
e2

@
@t
U
j
k det D
2U
j
k dx dt


p sup
e2
j
@
@t
jkj þ 1
  Z
e2
det D2U
j
k dx dt


¼ sup
e2
@
@t
jk

þ 1
 Z te
2
te
1
dt
Z
e2-ftg
det D2U
j
k dx
¼ sup
e2
j
@
@t
jkj þ 1
 Z te
2
te
1
jrUjkðe2-ftgÞjðnÞ dt:
By (3.12), we have
jrUjkðe2-ftgÞjðnÞpMðk; e2Þ 8tA½te1; te2;
where Mðk; e2Þ is a constant depending on k and e2; but not depending on j:
Since jrUjkðe2-ftgÞjðnÞ is integrable and
jrUjkðe2-ftgÞjðnÞ-jrUkðe2-ftgÞjðnÞ;
by Lebesgue dominated convergence theorem, we get
lim
j-N
Z te
2
te
1
jrUjkðe2-ftgÞjðnÞ dt ¼
Z te
2
te
1
jrUkðe2-ftgÞjðnÞ dt ¼ 0:
On the other hand, by Proposition 1.2 in [10], we have
oUj
k
ðe2Þ-oUk ðe2Þ;
then oUk ðe2Þ ¼ 0:
Up to now, we obtain the assertion for Uk is true.
From Corollary 3.1, we have
sup
QZ0
jUk  Uj jp sup
@pQZ0
j k  jj jp sup
@pQ
j k  jj j:
Then Uk converges uniformly to some convex-monotone function in QZ0 ; we
denote this function by %U: Obviously, %U ¼ jðx; tÞ ¼ U on @pQZ0 ; and %U is
the generalized solution of ut det D2u ¼ 0:
Next we prove %U ¼ U in QZ0 :
If %UXU in QZ0 ; then
U˜ ¼
%U in QZ0
U in Q\QZ0
(
is a convex-monotone function. Since U is the largest convex-monotone
function which is smaller than jðx; tÞ on @pQ; we have %U ¼ U :
So if %UaU in QZ0 ; then (ðy; tÞAQZ0 such that
%Uðy; tÞoUðy; tÞ:
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Owing to %U ¼ U ¼ jðx; tÞ on @pQZ0 ; we have (OCQ such that ðy; tÞAO and
%Uðx; tÞoUðx; tÞ in O;
%Uðx; tÞ ¼ Uðx; tÞ on @O\ft ¼ Tg:
By 3.1, 8t0A½tO1 ; t
O
2 ; where t
O
1 ¼ infft : ðx; tÞAOg; t
O
2 ¼ supft : ðx; tÞAOg; we
have
jL %UðO-ftpt0gÞj > jLU ðO-ftpt0gÞjX0;
which contradicts the deﬁnition of %U; so Uk converges uniformly to U in
QZ0 : Then by Proposition 1.2 in [10], we have oU ðEÞ ¼ 0: &
4. Existence of the generalized solution of (1.1) (1.2)
As an application of Theorem 3.1, with the help of the proof of existence
in [4], we can obtain the following existence theorem:
Theorem 4.1. If O is a bounded strictly convex set in Rn; f is a nonnegative
bounded integrable function defined on Q; jðx; tÞ is a continuous convex-
monotone function defined on @pQ and there exists a > 0 such that
jðx0; tÞACað½0; T Þ; 8x0A@O; then problem (1.1) (1.2) has a generalized
solution.
Remark 4.1. Here, we point out that the uniqueness of the generalized
solutions of (1.1) (1.2) has been obtained in our paper [3,4] where it is only
assumed that f is a nonnegative integrable.
Corollary 4.1. If O is a bounded strictly convex set in Rn; f is a nonnegative
bounded integrable function defined on Q; jðx; tÞ is a convex-monotone
function defined in a neighborhood of @pQ; Qd0 ¼ fðx; tÞ: distððx; tÞ;
@pQÞod0g; then problem (1.1) (1.2) has a generalized solution.
Proof. By mollifying jðx; tÞ with standard technique, we obtain a class of
smooth convex-monotone functions jkðx; tÞ which converges uniformly to
jðx; tÞ in Qd0
2
:
We consider the following class of problems:
ðukÞt det D
2uk ¼ f ðx; tÞ in Q uk ¼ jkðx; tÞ on @pQ:
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By Theorem 4.1, there exists a unique generalized solution uk: From
Corollary 3.1, we know that 8k; j;
sup
Q
juk  uj jp sup
@pQ
j k  jj j;
then fukg converges uniformly to some convex-monotone function u in %Q:
By Proposition 1.2 in [10], u satisﬁes Eq. (1.1) in the generalized sense and
u ¼ jðx; tÞ on @pQ: &
Remark 4.2. We can use the above method to remove the assumption on the
Ho¨lder continuity of jðx; tÞ in t in the existence results obtained in our paper
[3,4], and only require jðx; tÞ to be deﬁned on Qd0 :
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